A circuit is considered in the shape of a ring, with a battery of negligible size and a wire of uniform resistance. A linear charge distribution along the wire maintains an electrostatic field and a steady current, which produces a constant magnetic field. Earlier studies of the Poynting vector and the rate of flow of energy considered only idealized geometries in which the Poynting vector was confined to the space within the circuit. But in more realistic cases the Poynting vector is nonzero outside as well as inside the circuit. An expression is obtained for the Poynting vector in terms of products of integrals, which are evaluated numerically to show the energy flow. Limiting expressions are obtained analytically. It is shown that the total power generated by the battery equals the energy flowing into the wire per unit time.
I. INTRODUCTION
Although the concept of the Poynting vector has been known for well over a century, 1 the actual flow of electromagnetic energy in even the simplest three-dimensional ohmic circuit is a subject of ongoing interest. 2 In this paper we calculate the electric and magnetic fields generated by a circular circuit carrying a steady current, and obtain the Poynting vector S = ǫ 0 c 2 E × B representing the flow of electromagnetic energy in the space surrounding the circuit. We shall show that the energy flows through every point in space while traveling from the battery to the wire, and yet the net flow of energy into the resistor equals the energy generated by the battery.
II. TWO-DIMENSIONAL CIRCUITS
The idea that electromagnetic energy flowing from a battery to a resistor in a simple circuit travels through the surrounding space rather than through the wires is counterintuitive.
3
The calculation of the Poynting vector field also poses computational challenges when applied to a realistic three-dimensional circuit. Although realistic three-dimensional geometries have not been considered in detail, the case of a circuit consisting of an infinitely long shaft, which reduces the problem to two dimensions, has been treated with success. 4 It was shown that the magnetic field vanishes outside the circuit, and hence the Poynting vector vanishes as well. Therefore, for a two-dimensional geometry the energy flow is totally confined within the circuit. Figure 1 shows the two-dimensional section of the circuit studied in Ref. 4 . The battery, resistors, and wire are taken to be infinite in extent perpendicular to the plane of the figure. The arrows show the direction of the flow of electromagnetic energy, which is the Poynting vector field. The energy flows from the battery to the two resistors, the flow being entirely contained within the interior space of the rectangular shaft. However, the three-dimensional problem is qualitatively different from the two-dimensional one, because in the former S is no longer confined within the space defined by the circuit.
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A related study examined the fields and energy flow in circuits where the two-dimensional cross section is a circle. circuit with a battery on the outer cylinder and a resistor on the inner cylinder and showed that S is nonzero only within the space between the two cylinders. Because of the peculiar shape of the circuit considered in Ref. 7 , the results are not typical of a realistic circuit. Thus the idealized circuits studied in the literature share the feature that the Poynting vector is confined to the geometrical space of the circuit.
III. A THREE-DIMENSIONAL CIRCUIT
Hernandes and Assis 8 have done a detailed treatment of a circuit in the form of a torus (see Fig. 3 ). These authors calculated the electric fields inside and outside as well as the surface charge distribution on the conductor. The problem of finding the electric field due to a conductor carrying a steady current -"Merzbacher's puzzle" 9 -has aroused much interest.
7,10-12
Although Ref. 8 did not consider the magnetic field, their work is important for our purposes because an exact solution was provided for the electric field due to a three-dimensional ohmic circuit consisting of a battery driving a current through a resistor. Given the exact solution for a circuit in the shape of a toroid, Hernandes and Assis allowed the toroid to collapse to a ring-shaped wire whose thickness is small compared to the diameter of the ring.
They thus obtained an expression for the surface charge density in a circular circuit made of a wire of small thickness. We shall calculate the surface charge density using a different method, and we will find that in the limit as the radius of the wire approaches zero, our result is in agreement with theirs.
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In this paper we will consider a circuit in the shape of a ring with a battery of negligible size and a wire of uniform resistance per unit length (see Fig. 5 ). We shall obtain expressions for the corresponding electric and magnetic fields, and plot S inside and outside the circuit.
We will show that S of a simple circuit is not confined to the space within the circuit, and spans the space outside the circuit as well, even though the magnitude of S decreases as the sixth power of the distance from the circuit.
The exact value of S at an arbitrary point inside or outside the circuit can be obtained only by numerical integration. It will be shown analytically that the total amount of energy flowing from the battery into the wire equals the potential difference between the ends of the battery multiplied by the current flowing through the wire.
For a DC circuit consisting of a battery of constant emf and a thin wire of uniform resistance, it has been shown that charges develop all along the wire from one terminal of the battery to the other, and that the charge per unit length of the wire is a linear function of the distance from the battery. 7, 12, 13 The charge density calculation will allow us to obtain the electric field and hence the Poynting vector associated with the circuit.
IV. THE SURFACE CHARGE DENSITY
We first obtain an expression for the surface charge density σ on the wire. To this end we shall assume that the radius of the wire r 0 is much smaller than the radius R of the circuit.
Given this assumption, we consider a portion of the circuit sufficiently far from the battery.
Because R ≫ r 0 , the arc of the torus may be approximated by a straight cylinder, as shown in Fig. 4 . We take the length of the cylinder to be 2L, and coordinate ξ along the length of the cylinder to vary from −L to +L. We also assume that the surface charge density σ on the wire depends only on ξ, and varies linearly with ξ (see, for example, Ref. 13 ). Hence
where a and b are suitable constants.
We consider the electrostatic potential at the point F in Fig. 4 located at ξ = ξ 0 on the surface of the cylinder, due to the total charge distribution on the cylinder. We first determine the potential at F due to the charge on a ring of width dξ at point E. Consider point D on the ring such that the arc ED subtends the angle ψ at the center. The potential at F due to the charge on an infinitesimal area element located at D is given by
The potential at F due to the entire cylindrical surface of length 2L is then
and the electric field parallel to the conductor at the surface of the cylinder is
Because the charge density varies linearly with coordinate ξ 0 , to obtain the constants a and b in Eq. (1) it suffices to determine the electric field at a point midway between the two ends of the cylinder, that is, at ξ 0 = 0. A straightforward integration yields
where
We now apply these results to a circuit in the form of a circle of radius R. The long straight conductor of length 2L becomes a curved wire of length 2πR, so we will replace L by πR in the subsequent calculations. The curvature of the wire introduces a correction of order 1/ ln (R/r 0 ) into the expression we will obtain for the charge density needed to obtain a given potential difference V between the two ends of the wire (Eq. (9)) 8 , and a correction of order r 0 /R into Eq. (5) for the parallel electric field. In particular, a variation in the charge density is necessary to guide the current in a circle rather than a straight line. (In Sec. VII
we will see that for the case of an infinitely thin circular wire, the curvature correction to the linear charge density as a function of the external potential difference is O(1/ ln (R/h)), and the correction to the parallel electric field is O(h/R), where the potential and field are measured at a distance h from the wire.)
In the following we will present our results for a thin wire, that is, keeping only the leading terms for R ≫ r 0 . Replacing L with πR, we have ζ = πR/(2r 0 sin(ψ/2)) in Eq. (5).
Because R ≫ r 0 , it follows that ζ 2 ≫ 1. We expand 1/ 1 + ζ 2 in Eq. (5) in powers of 1/ζ 2 , and neglect 1/ζ 4 and higher order terms. We use the identity
and obtain the electric field parallel to the wire,
Because E (ξ 0 ) is independent of ξ 0 , the potential difference V between the two terminals of the battery is V = (2πR)E , and hence
In Eq. (1) the charge density varies linearly with ξ, and is positive close to the positive terminal of the battery, ξ = +L = +πR, and negative near the negative terminal, ξ = −L = −πR. By symmetry, the charge density must vanish half way between the terminals, where ξ = 0. Thus a = 0, and
For a circular circuit in the x-y plane with its center at the origin, ξ can be replaced by the azimuthal variable φ, where
We locate the battery of negligible length on the positive x axis, with the negative terminal at φ = 0 and the positive terminal at φ = 2π. In these coordinates we have
which in the limit of a thin wire, r 0 /R → 0, has the leading behavior
This limiting form agrees with the thin wire limit of the result in Ref. 8 for the surface charge density on a toroidal conductor carrying a steady current.
V. POYNTING VECTOR IN THE NEAR VICINITY OF THE WIRE
We next obtain limiting expressions for the Poynting vector very close to the wire, i.e., at distances small compared to the wire circumference 2πR. For such calculations the curvature of the circuit becomes negligible, and we may approximate the circuit by an infinitely long cylindrical conductor. We previously made such an approximation in determining the field parallel to the wire to obtain an expression for the surface charge density. We will also need expressions for the electric field normal to the conductor, that is, the radial electric field, and the magnetic field circulating the wire. By combining the magnetic field with the radial and longitudinal electric fields, we will obtain both components of the Poynting vector near the wire.
The expression for the radial electric field outside a charged cylindrical wire is given by
where r > r 0 is the distance from the axis of the cylinder. Similarly, the magnetic field outside and close to a cylinder carrying a steady current I is given by
This magnetic flux circulates azimuthally around the cylinder, and hence the magnetic field is normal to both the radial and the longitudinal electric fields. Thus, the Poynting vector parallel to the conductor at a distance r from the axis is
and the total energy flowing per second through an annulus of inner radius r 0 and outer radius r, along the direction of the current, is given by
where in Eq. (16b) we have used Eq. (12) for the surface charge density. Consider, for example, points A and B at which the circuit intersects the y axis (see Fig. 5 ). At A the azimuthal angle is φ = 3π/2, and thus the power flowing through a small annular region around the wire at A is given by
At A the current flows into the y-z plane, and P ,A is positive, indicating energy flow along the direction of the current, that is, away from the battery. At point B, the corresponding angle is φ = π/2, and the rate of energy flow is given by
The magnitude of the Poynting vector at points A and B is the same, due to symmetry. The negative sign at point B indicates the energy is being transported opposite to the direction of current flow, that is, into the y-z plane and away from the battery, as at A.
We now let the wire radius r 0 → 0 keeping r and R finite. Equations (17) and (18) for P ,A and P ,B lead to ±V I/4, and thus the energy flowing across the y-z plane through a pair of circles of radius r ≫ r 0 centered at A and B is
The result in Eq. (19) is equal to half the energy produced per second by the battery, because the y-z plane cuts the circuit in half. Now r can take any arbitrarily small nonzero value, as long as r 0 → 0. So for a wire of negligible thickness, almost all of the energy transport described by the Poynting vector occurs inside an arbitrarily thin cylinder surrounding the wire.
To investigate the energy transport very close to the surface of the wire, we consider an annular region r 0 ≤ r ≤ r 0 + h, where 0 < h ≪ r 0 ≪ R. The power transported through this annular region becomes
Equation ( 
Therefore the power per unit length flowing into the wire is
which is the same at all points along the wire.
It can be readily shown that Eq. (22) becomes identical with Eq. (4) of Ref. 2 for a point
very close to the surface of a straight wire. If we integrate over the entire circuit, the total energy flowing per second into the wire is V I, as expected.
VI. ELECTRIC FIELD DUE TO A CIRCULAR CIRCUIT
In Sec. V we analyzed the behavior of the Poynting vector and energy flow in the vicinity of the wire. We now address the Poynting vector in general, still assuming that the radius R of the circuit is very large compared to the wire radius r 0 . The following equation relates two different expressions for the charge on an element of the wire:
where we have used Eq. (12) for the surface charge density σ on the wire. It is convenient to define λ ≡ V ǫ 0 R/ ln(R/r 0 ). The electrostatic potential at an arbitrary point P = (r, θ, φ) in spherical coordinates (see Fig. 6 ) is given by
and in Cartesian coordinates
Hence
The magnetic field at any point may be readily obtained as B = ∇ × A from the vector
FIG. 6. Circuit with uniform resistance.
VII. SPECIAL CASES
To demonstrate that the curvature of the wire contributes a small correction to the Poynting vector for a large circuit of radius R, we consider an infinitely thin wire. Let us take a point on the x axis at a small distance h from the wire, that is, at a distance R + h from the origin along the negative x axis. The coordinates of this point are (−R − h, 0, 0).
We evaluate Eq. (26) and find that that the electric field at (−R − h, 0, 0) is parallel to the y axis and is given by
We can perform the same calculation for a point at a distance h from the center of a straight infinitely thin wire of length 2πR. The result is
If we compare Eqs. (28b) and (29b), we must equate the leading terms because we are assuming the thin circular wire and the thin straight wire are connected to batteries of the same voltage. We see that the curvature correction is given by the O(h/R) term, which is present for the infinitely thin circular wire and absent for the infinitely thin straight wire.
This curvature correction is analogous to the O(r 0 /R) curvature correction for a toroidal wire of radius r 0 . We also note that λ = [1 + O (1/ ln R/h)] λ ′ , that is, the charge density required to produce a voltage drop V along a circular wire of length 2πR is the same as the charge density required to produce the same voltage drop along a straight wire of the same length as R → ∞.
We next consider what happens at the center of the circle, that is, at the origin (0, 0, 0).
Here we have
and the magnetic field is given by
Thus the Poynting vector at the center of the circuit is directed along a diameter leading away from the battery and has the magnitude
As r 0 → 0, the right-hand side of Eq. (32) approaches 0. This behavior is in agreement with our earlier result that for a very narrow wire, the energy flow stays very close to the wire, rapidly dropping to zero far from the wire.
We now consider the behavior of the Poynting vector far from the origin. At distances r ≫ R, the electric field falls off as 1/r 3 and takes the asymptotic form
where p is the electric dipole moment of the circuit. From Eq. (26) we obtain
where the negative sign indicates that the moment is directed along the negative y axis.
Thus the electric field may be expressed as
Equation (35) can also be obtained directly from the scalar potential in Eq. (24). The same expression is obtained by using the definition of a dipole moment with the charge density given by Eq. (9). The magnetic field for r ≫ R 0 similarly drops off as the inverse cube of the distance, and is given by
We combine Eqs. (35) and (36) and find
or equivalently,
We have obtained the important result that at sufficiently large distances from the circuit, the Poynting vector drops off as the inverse sixth power of the distance. We also observe that at any point on the three coordinate axes S is directed along or parallel to the x axis.
We now consider S in the x-y plane containing the circular wire, where the Poynting vector may be written as
and B by the curl of Eq. (27), Equation (15) shows that S is also proportional to the charge density σ, which varies as φ − π. Thus, in a region directly opposite to the battery, φ ≈ π, the parallel component S is small compared to the perpendicular component S ⊥ , which has the same value at all points along the circuit, cf. Eq. (21). It follows that close to the half way point of the circuit, the arrows are perpendicular to the wire, as required by the symmetry of the circuit. toroid, the Poynting vector is directed from the battery to points on the surface of the toroid. Within the body of the toroidal wire, assuming that the current is nonzero in the interior, the Poynting vector points from the surface of the wire to the interior of the wire.
Specifically, the Poynting vector points inward from the outer surface at radius R + r 0 from the center of the circuit and outward from the inner surface at radius R − r 0 , monotonically decreasing as it moves into the interior and coming to zero inside the wire. The pattern of electromagnetic energy flow for a toroidal circuit may be compared with the results we have obtained for a thin circular wire (Fig. 7) .
VIII. GLOBAL INTEGRAL
We now calculate the total electromagnetic energy flowing from the battery into the diametrically opposite half of the circuit through the y-z plane (see Fig. 5 ).
For steady fields and currents we have E = −∇Φ, so that the total power crossing the y-z plane in the −x direction is
The first term in the integrand in Eq. (42b) equals
which reduces to zero because both the scalar potential and the magnetic field vanish at ±∞. From Maxwell's equations we have ǫ 0 c 2 ∇ × B = J for steady fields and currents, and thus the second term in Eq. (42b) yields
The current density J vanishes in the y-z plane except in the two regions where the wire intersects the plane. These regions are centered at points A and B in Fig. 5 , and we have J ·x < 0 at A and J ·x > 0 at B. Therefore
where Φ A is the electrostatic potential at A and Φ B the potential at B. Note that in this analysis no assumptions were made regarding the specific shape of the circuit.
Now consider a closed surface of arbitrary shape that encloses the battery. Let C and D be the points at which the wires intersect the surface, with C being the high potential point and D the low potential point. The total energy flow per unit time through this surface is
where the closed integral is over the surface and n is the outward unit vector. Because E = −∇Φ for time-independent fields,
The first term vanishes by Gauss' divergence theorem. We apply Maxwell's equation for steady fields to the second term and obtain
If the resistance is confined to a small region of the circuit (a "lumped" resistor), we can do a similar calculation with the closed surface enclosing the resistor, with the wire intersecting the surface at E and F. We then obtain the rate of energy flow into the resistor as
We obtain the counterintuitive result that regardless of the shape of the circuit, the energy flows from the battery and enters the resistor after traveling through every point in space.
The total rate of energy flow from the battery into the resistor is always V I, where V is the potential difference across the ends of the resistor and I the current flowing through the circuit.
IX. CONCLUDING REMARKS
We have shown that the Poynting vector is not confined to the interior of the circuit, but flows through all space from the battery to the resistor. Part of the electromagnetic energy takes the shortest route, which is typically shorter than the distance along the wires.
A small part of the energy follows very long paths from the battery to the wire. Maxwell's equations suggest that in an ordinary device such as a flashlight some of the energy makes a very long space odyssey from the battery to the bulb, exploring every cubic nanometer of space in the process. Consider an annular region in the y-z plane (see Fig. 5 ) with large inner radius r ≫ R and outer radius r + dr. From Eq. (38) we see that the amount of energy flowing per unit time across this annular area is proportional to 2πr dr/r 6 ,and thus the amount of energy flowing across the y-z plane outside a large circle of radius ρ centered on the origin is proportional to 
An exact calculation may be easily performed using Eq. (38). We integrate the x component of the Poynting vector over the entire y-z plane outside a large radius ρ and obtain
